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Task Four 2011
START A NEW PAGE
QUESTION ONE (12 marks)
a) Evaluate 2
3
dx
0 X 4+9
b) Find the acute angle between lines 2x—y=0 and x+3y=0. 3
Give your answer correct to the nearest minute.
c) Solve <5. 3
2x—1
. . 4 . : : 3 2
d) Differentiate cos™ x with respect to x and hence find | sinxcos™ xdx.
e) A is the point (-2,—1) and B is the point (1,5). 2
Find the coordinates of Q which divides AB internally in the ratio 5:3.
START A NEW PAGE
QUESTION TWO (12 marks)
z
3
a) Evaluate I sin”(2x) dkx. 3
0
z
3
o | 3
b) Use the substitution u = tan x, to evaluate tan” xsec” xdx.
0
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c) A biased coin has a probability of 0.6 of showing a head when it is tossed.
The biased coin is tossed five times.
(i) What is the probability of tossing exactly three heads and two tails? 2
(i1)) What is the probability of getting less than three heads? 2
(iii) What is the most likely outcome and what is the probability that this event will occur? 2
START A NEW PAGE
QUESTION THREE (12 marks)
a) Find the exact value of sin [sin_l (: j—tan_l [I;jj 3
b) In the diagram below PC is a tangent to the circle at C and QC bisects LACB.
4 DIAGRAM IS NOT TO
SCALE
P
C
1) Copy the diagram into your answer booklet and prove that PC = PQ. 2
(i1) If PC =10cm and AQ = 2cm, Find the length of OB. 2
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c) Molten plastic at a temperature of 250° C, is poured into a mould to form a car part.
After 20 minutes the plastic has cooled to 150° C . If the temperature after  minutes,
is T ° C, and the surrounding temperature is 30° C, then the rate of cooling is given by:

Cj{—f = —k(T -30), where k is constant.

(1) Show that T =30+ Ae™ , where A is a constant, satisfies this equation. 1

(i1) Show that the value of A is 220° C .

1
(iii))  Find the value of k to 2 decimal places. 1
(iv)  The plastic can be taken out of the mould when the temperature drops below 2
80° C. How long after the plastic has been poured will this temperature be
reached? Give your answer to the nearest minute.
START A NEW PAGE
QUESTION FOUR (12 marks)
a) Prove by mathematical induction that:
5"—=4n—-120, forall n>1. 4
b) John contributes $800 every quarter into a superannuation fund earning 6% pa,
compounded quarterly. Contributions are made for 10 years and then John stops
making contributions for 3 years whilst unemployed. He is re-employed, and
contributions resume under the previous conditions. John works for a further
7 years until retirement.
(i) Show that on retirement the contributions for the first 10 years can be expressed as: 1
800(1.015)* + 800(1.015)" +.....+800(1.015)*".
(i1) Hence, calculate the total amount in the superannuation fund on retirement. 3
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c) Below is the graph y =a cos” bx.

-2.37 MY
k¥
2
X
{9 MY
(£,U)
. : 1
@) Show that the value of a is 3 and that b is 3 2
(ii) Find the exact value of the area enclosed by the curve y = a cos” bx , the x axis 2

. /4
and the line y = 5

START A NEW PAGE

QUESTION FIVE (12 marks)

a) A particle moves in a straight line so that its acceleration, a,
is given by a = 4x. The displacement, x, of the particle is initially 1 metre

to the right of the origin with a velocity of —2ms ™.
1

@) Show that v = —2x ms . 2
(i1) Express x as a function of . 2
1

(iii))  Hence, find the displacement when 7 = 2 seconds to 3 decimal places.
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b) (1) Write an expression for (1+ x) 20 +(1- x)20 . 2

Leave your answer in "C, notation.

10 1
1
(i1) Show that Z 20C2k x2k = 5[(1+x)20+(1—x)20J )
k=0
(i1ii))  Integrate both sides of the equation in part (ii). 2
(iv)  Hence, or otherwise show:
20 +120C+120C N +izoc _2® 2
0 3 2 5 4 ccccc 21 20 - ﬁ .
START A NEW PAGE
QUESTION SIX (12 marks)
a) (i) The diagram below represents a hemispherical bowl of radius 10 cm.
It is filled with water to a depth of 4 cm. By finding the volume generated
by rotating X+ y2 =100 between y =10 and y = 10 — & about the y axis,
show that the volume of water in the bowl is given by:
h’
V= (30—h) 2
3
' hcm
3
(i1) The hemispherical bowl referred to above is being filled with water at a constant

rate of 27 cm’ min . Find the rate of increase of the depth of the water when the
depth is 2 cm.
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b) Consider the function f(x)=+vx+3

@) Find an expression for y= £ (x). 1
(i)  State the domain for y= f - (x). 1
(iii) f(x) and f - (x) intersect at exactly one point P. Let o be the x coordinate of P.

2

Explain why a is a root of the equation x —+/x+3 = 0.

1
(iv)  Show that the value of oo occurs when 2 < a < 3.
v) Take x = 2.5 as the first approximation of a, use one application of Newton’s

2

method to find a second approximation for o correct to 3 decimal places.

START A NEW PAGE

QUESTION SEVEN (12 marks)

a) On a certain day the depth of water in a harbour is 7 metres at low tide (9:25am) and
10; metres at high tide (3:40pm). Assume the rise and fall of the surface of the water to be in

simple harmonic motion in the form ¥ = —n?(x — b) where x = b is the centre of motion and
x = a is the amplitude.

@) Show that x = b — a cos nt satisfies ¥ = —n?(x — b). 1
(i1) Find the values of a, b and n. 3

(iii))  Hence, find the earliest time before 3:40pm on this day, a boat may safely enter the

1
harbour if the minimum depth of 9 5 metres of water is required.

Page 6 of 7



Year 12 Extension 1 Mathematics Trial Examination | Assessment
Task Four 2011

b) A bullet is fired horizontally with a velocity of 100ms™ from the top of a tower
105 metres high.The tower is at the top of a hill, which slopes downwards at an angle

T
of depression of T The bullet lands at L, on the ground as represented on the diagram below.

(®)

(ii)

(iii)

(iv)

100 ms™
(TSI
3o
= /3
% B
. A
GROUND \

Consider B, the base of the tower, as the origin, and using acceleration due to

gravity as 10 ms~2, show that the expressions for the x and y coordinates of the

position of the bullet at time ¢ seconds are: 2
x=100f and y =105 - 5¢°.

Show that the equation of the line BL is y = — x. 1
Find the time taken for the bullet to hit the ground at L. 5
Find the distance BL to the nearest metre. 1

END OF THE EXAMINATION
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QUESTION ONE (12 marks)

a) Evaluate

b)

m,—m

1+mm,

6 =8152"

tan @ = 2=

x
2x—1
2x* —x<20x* —=20x+5
0<18x*—19x+5
0<9x-52x-1)

X Zé and x <l
9 2
d)
a2 _ 4cos’ xx—sin x
dx
a2 _ —4cos® xsin x
dx

—4J. cos’ xsin xdx =cos* x+¢

) 1
J.cos3 xsin xdx :_ZCOS4 x+c¢

e)

>

8 8

523)
8 74

[—6+5 —3+25j

x(2x-1)" <5(2x—1)? xi%
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QUESTION TWO (12 marks)

a)

T

39_
sin® (2x)dx = 1=cos229) |

0

O — 0 |y

x 3
13 1 1.
=— j 1—cos(4x)dx =—| x——sin(4x)
29 2 4 0
_z B
6 16
b)
u=tanx
du 2 2
d—zsec x du=sec”xdx whenx=0 u=tan0=0
X
whenx:z u:tanzzx/g
3 3
V3 373
J-uzduz L :ﬁz\@
0 3, 3
c)

(i)  JC(0.4)*(0.6)’ =0.3456
(i) JC(0.4)°(0.6)° + ;C(0.4)*(0.6)' + 2C(0.4)’(0.6)° =0.31744

(iii)) The most likely outcome is 3 heads and 2 tails which has 0.3456 chance of occurring.
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QUESTION THREE (12 marks)

a) sin [sin_1 (: j—tam_1 (I;)]

b)

)

Let ZACQ = x, ZQCB = x given that QC bisect ZACB

Let ZBCP = y, ZCAB = y(angle between chord and tangent equal angle in the alternatesegment)
ZCQP = x+ y (external anglein AAQCisequal to thesum of the oppositeinternal angles)
ZLOCP=x+Yy

APQC is anisosceles A. (LCQP = ZQCP)

QP = PC (sides opposite equal angles are equal)

(i1)
PC?> = PBxPA
Let PB=x,0B=10—x
10° = xx12

x=100+12:8l
3

1 2
B=10-8—=1=
¢ 303
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®
T =30+ Ae™
Ae™™ =T-30

ar _

—kAe™ =—k(T —30)
dt

(i1) Show that the value of A is 220° C .

T, =250
250=30+A
A=220

(iii))  Find the value of k to 2 decimal places.
150 =30 +220e "

120 = 220e 2
12
_0 = ¢ 20k
220
k= 1 In 1 0.03
20 6
(iv)

80 =30+220e "

50 = 2207
ﬂ = o 003

220

lni

t= 22 _ 49 minutes
-0.03
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QUESTION FOUR (12 marks)

a) Prove by mathematical induction that:
5"—4n—-120, forall n>1.

b)

Testforn=1
5'—41)-1=0,
0=0

True for n=1.

Assume true forn =k, where k >1
assume 5* —4k—1>0,

Test for n=k+1

5 —4(k+1)-1

=5x5" -4k -4-1
=5%5" —20k +16k -5
=5(5" -4k -1)+16k

Since (5 =4k —1)>0 and 16k >0

then 5(5* —4k —1)+16k >0, wherek > 1

Since true for n=1,and trueforn =k +1,

then by the process of mathematical induction, itis true for all values of n.

(1)

There are 10 years of contributions, then 3 years without contributions, followed by a further
7 years of contribution. The first contribution occurred 20 years before the last.
Contributions occurred quarterly (80 quarters @ 1.5% per quarter)

First contribution= 800(1.015)

79
Second contribution= 800(1.015)

78
Third contribution= 800(1.015)

41
Last contribution before the 3 year break.= 800(1.015)

Therefore total contribution make for first 10 years is
800(1.015)* + 800(1.015)"” +.....+800(1.015)*".

(i1) Hence, calculate the total amount in the superannuation fund on retirement.

Total contribution = first 10 years contribution +Last 7 years contribution
=800(1.015)* + 800(1.015)” +.....+800(1.015)"' + 800(1.015)* + 800(1.015) +.....+800(1.015)".

800(1.015)(1.015* ~1) N 800(1.015)" (1.015* —1)

1.015-1 1.015-1

$27998.96 + $79935.68
=$107934.64
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®

(i)

Show that the value of a is 3 and that b is % .
y=a cos ' bx

x=acos ' by

¥ = cos™ by

a

X

cos— = by
a
1 by
—Ccos — =
b y
: 1 1
amplitude = 2. Thereforeg =2,b= 5

. 1 2z
period = 6. Therefore — = —,a =3
a 6rx

z
2

2cos£dx:2[3sin£}
3 3

S =[N

0

. T .
6s1ng =3units’
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QUESTION FIVE (12 marks)
a) (1)
. d (1 2j
a=X=—|—v
dx\ 2
lv2 =I4xdx
2
lv2 =2x*+c¢
2

when x=1, v=-2, therefore c =0
v =4x
v = £4/4x”Since velocity isinitially negative then

v=—V4x’ =-2x

(i1) Express x as a function of 7.

dr_ 1

dx —2x

tz_[dez_—lln)Hc
—2x 2

when t=0,x=1,..¢=0

t=——Inx

(iii) Hence, find the displacement when ¢ = 2 seconds to 3 decimal places.

when t=2
x=¢*=0.018
b) ()
20 20
I+x)" +(0-x)
20 20 20 2 20 20 20 20 20 2 20 20
= 0C+ 1Cx+ 2Cx F oo 2OCx + 0C— 1C)c+ 2Cx — e +20Cx

= 2 (B0 + 200k o N0

10 -

_ 20

= 22 21 Cx
k=0
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(ii)
20 20 3 2%
1+x)" +(1-x)" =22 Pcx
k=0

10 1

> pe (0?0 +a-00)

k=0 2
(i1ii))  Integrate both sides of the equation in part (ii).

1 10
5 (a+020+(1-020) =Y pe

11
221

10

1o 2k+1

(iv)  Hence, or otherwise show:

20 120 120 1 20 220
Cotg Cotg Cytumntnr Cp=5p.

Letx=10..¢=0

When x =1

11 21 21 9 2k
S5r(an-a-n?!) = > e

Ll( 21)= 1 ( 20)= " 1

212 21 = ok+1 %

220 0 | 1 1 1
oo ;}ﬁfﬁc - (28C+§23c)c2+322c;c4+ ........ Eggcw]
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QUESTION SIX (12 marks)

@)

Xt + y2 =100
x> =100-y*

10
Vznj 100— ydy
10-h
r 1 10
V=rx 100y——y3}
L 3 10—-h

V4 (100(10) —%(lO)SJ—(IOO(IO— h) —%(IO—h)SH

<
I

V=r (1000—%(1000))—(IOOO—IOOh—%(1000—300h+30h2 —h3ﬂ

_Z _
V= 3 [30h2 h3]

_ 7k’

V=
3

[30-h]

(i)

v _
dt
h? h’
=T [30—h]=10mn* - 2=
3 3

av _ 20h—rh®
dh

27

Vv

dh_dh dv
dt dV dt
dh 1

_— = X
dt  20mh—rh?
whenh =2

dh 1 2 1 .
— =——  X2T=——=—cmmin
dt 40r—4rx 367

27

Page 9 of 13



Year 12 Extension 1 Mathematics Trial Examination Solutions | Assessment
Task Four 2011

b)

@) Find an expression for y= f - (x).
Xx=4/y+3
X =y+3
y=x>-3
f(=x"-3

(i1)
Domain f_1 (x) is therange for f(x).
For f(x)=+x+3 x2=0

(iii)

@)= () =
y=x and y =x/x+3
y=y

x=+x+3

x—+vx+3=0

(iv)  Show that the value of oo occurs when 2 < a < 3.

when x=2 2-+2+3<0
when x=3 3-+3+3>0

.. there will be a zero between 2 and 3.
W) Take x = 2.5 as the first approximation of a, use one application of Newton’s

method to find a second approximation for a correct to 3 decimal places.

A =X~ f-(XO)
f (-x())
x=25-12)
f(2.5)
x, =2.303
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QUESTION SEVEN (12 marks)

a)
@) Show that x = b — a cos nt satisfies ¥ = —n?(x — b).

x =b — acosnt .. acosnt=b—x

dx .

o =—ansin nt

d’x 2 2 2 2

o =an"cos nt=n"(acosnt)=n"(b—x)=—n"(x—>b)
2

5= 9 - 2 (xob)
t

(i1) Find the values of a, b and n.

b= 82 a= 1§
6 6
E:nlhours
n
4r
n=—
25

(iii))  Hence, find the earliest time before 3:40pm on this day, a boat may safely enter the
. . 1 : .
harbour if the minimum depth of 9 B metres of water is required.

x= 82—1§c0sﬂ
6 6 25

when x= 9l

1 5 .5 47t

9—=8——-1-cos——

2 6 6 25
drt 4
COS—— =—
25 11

4717 —1 _4
—— =COS -
25 11

t = 3hours 51minutes 56seconds

9:25am +3hours 51minutes 56seconds =1:17 pm
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b)

(®)

(ii)

(iii)

(@iv)

x=0 y=-¢
x=100 y=—gt+c c=0
_ 2
x =100z y= gzt +¢  when =0  y=105 ~.c=105
_ 2 _ 2
y=28" 1105 =19 L 105—_5¢ 4105

Show that the equation of the line BLisy = —x.
m=tan @

gradientof BLis—1

When x=0,y=0

y=-x

Find the time taken for the bullet to hit the ground at L.

x=100¢ y==5*+105

2
y= —s(ij +105
100

2
[ g 0
y=—x
—5x7
~ 10000

x* =2000x—210000 =0
(x—2100)(x+100)=0

+105

—X

x=2100
t= w = 2 1minutes
100

Find the distance BL to the nearest metre.

BL=+/2100" +2100°

BL =2970cm
BL=30m

Page 12 of 13



